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ABSTRACT 
A new, infinite family of cyclic codes over GF(q), called triadic codes, is defined 
by means of idempotents. These codes are analogous to duadic codes. D-diagrams are 
introduced to discuss equivalence results for prime length duadic codes. The corre- 
sponding T-diagrams for triadic codes are used to prove existence theorems. In 
particular, triadic codes of prime length p over GF(q) exist iff q is a cubic residue 
(mod p). A new inclusionexclusion formula for the dimensions of cyclic codes is given 
and used to determine possible dimensions of triadic codes. When triadic codes of 
prime length exist, all of these possible dimensions are attained by some triadic code. 
A cube-root bound is given for the minimum odd-like weight in a triadic code. 
I. INTRODUCTION 
In this paper we introduce a new, infinite family of cyclic codes over 
GF(q), called triadic codes, defined by generating idempotents. In many 
*This work was partially supported by NSF Grant R118503096 and NSA Grant MDA904- 
85-Hao16. 
t This work was partiaIIy supported by NSF Grant DMS 8217596. 
LINEAR ALGEBRA AND ITS APPLZCAZ’ZO~S 98:415-433 (1988) 415 
D E%evier Science F’ublishing Co., Inc., 1988 
52 Vanderbilt Ave., New York, NY 10017 00243795/88/$3.50 
416 VERA PLESS AND JOSEPH J. RUSHANAN 
ways these codes are analogous to duadic codes [2, 5, 6, 7, 81. By means of 
their D-diagrams, we show that the number of inequivalent duadic codes of 
prime length depends only on the number of q-cyclotomic cosets. We prove a 
new inclusionexclusion formula for the dimensions of cyclic codes, from 
which we can determine the possible dimensions of triadic codes. We show 
that nontrivial triadic codes of prime length p over GF(Q) exist iff 9 is a 
cubic residue (mod p). For those prime lengths where triadic codes exist, we 
show that each possible dimension is attained by some triadic code. This is 
done by means of the Tdiagrams of triadic codes, which also determine the 
number of inequivalent triadic codes that there are of each dimension. We 
show that the minimum odd-like weight in a triadic code satisfies a cube-root 
bound. 
One of the advantages of this approach is that it is easy to construct the 
generating idempotents of triadic codes of any lengths over fields of char- 
acteristic 2 from the relevant cyclotomic cosets. We give many examples of 
this for GF(2), GF(4), and GF(8). We also give tables containing specific 
information about triadic codes of prime length over these fields. These are in 
the last section, Relevant definitions and facts and the new theorem on 
dimensions of cyclic codes occur in Section II. In Section III, the newly 
defined D-diagrams and results about duadic codes are given. We define 
triadic codes in Section IV and show that their dimensions satisfy simple 
equations. We also give a cube-root bound for the minimum odd-like weight. 
In Section V, we introduce T-diagrams and types for triadic codes. 
II. PRELIMINARIES 
In this section, we review some facts about cyclic codes and give a new 
theorem about their dimensions. Our notation is as in [4]. 
An (n, k) errorcorrecting code over GF(o) is a k-dimensional subspace of 
the n-dimensional space V of n-tuples with components from GF(q); n is 
called the length of the code. The weight of a vector is the number of its 
nonzero components. An important concept in coding theory is the minimum 
weight d of a code, which is the smallest weight of its nonzero vectors. The 
weight distribution of a code is the number of vectors in the code of each 
given weight. If C is a code, C 1 is the dual code consisting of all vectors in 
V which are orthogonal to C with respect to the usual inner product. 
Cyclic codes are defined only for odd n where gcd( n, 9) = 1. Label the 
coordinates of V 0, 1, . . . , n - 1. A code is cyclic if it is invariant under the 
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coordinatepermutationi-,i+l(modn).Letavectora=(~~,...,a,_,)EV 
correspond to a polynomial 
u(x) = a, + UIX + * * * + a,&-’ 
in the ring R, R = F[ r]/( rn - l), and F = GF(q). It is well known that 
cyclic codes correspond to ideals of R. Furthermore, each cyclic code C 
contains an idempotent generator, say e(x). This means that Ed = e(r), 
and e(r) and its cyclic shifts generate C. We denote this by C = (e). Here, 
as always, we identify a polynomial in R with its corresponding vector in V. 
The following is weII known. 
FACT 1. Zf C, = (el) and C, = (e,), then 
C1+C2=(el+e2-e,e,) and C,~C,=(e,e,). 
An ideal in R whose only proper subideal is the zero ideal is called a 
minimal ideal. We recall the following important fact about these ideals. 
FACT 2. Every ideal, i.e. cyclic code, can be expressed uniquely us a 
sum of minimal ideals. 
We let h denote the ah-ones vector. The minimal ideal of dimension 1 is 
generated by the primitive idempotent (l/n)h. Note that for u E R, u(l) = 
Xycaru i. We say that a is an euen-like vector if u(l) = 0 and that it is 
odd-Zike otherwise. The following facts from [5, 71 are useful 
FACT 3. The product of two odd-like vectors is un odd-like uector. The 
product of any uector with an even-like vector is an even-like vector. 
FACT 4. For any a E R, ah = u(l)h. Hence a is even-like iff ah = 0. 
We say that a cyclic code C is eoen-like or odd-like depending on 
whether its generating idempotent is even-like or odd-like. Notice from the 
above facts that an even-like code contains only even-like vectors. A binary 
even-like code contains only vectors of even weight. The (n - l)-dimensional 
ideal of V of all even-like vectors is denoted by E, and E = (1 - (l/n)h). If 
C is an odd-like (n, k) code, the extended code C* is the (n + 1, k) code 
obtained from C by adding an overah parity-check coordinate to each vector 
in C. 
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If gcd( u, n) = 1, we let ~1, denote the coordinate permutation i + ui 
(mod n). 
FACT 5. Let C = (e) be a cyclic code of length n and gcd(u, n) = 1. 
I*“(C) =(cl,(e)> ad CL =(1-k,(e)). 
We call two codes equivalent if one is the image of the other by a 
coordinate permutation. The more general definition of equivalence by a 
monomial transformation can be applied to the results of this paper using [3]. 
FACT 6 [2]. Let p be a prime. Then two cyclic codes of length p over 
GF(q) are equivalent iff there is a EL,, 0 f u < p, sending one onto the 
other. 
For q a prime power and n an odd integer such that gcd(n, q) = 1, we 
define the q-cyclotomic coset of i for n, where 0 < i < n, to be the set 
Cj4)= {i,qi,q2i,q3i ,... }, 
where the elements in the set are taken modulo n. The qcyclotomic cosets 
partition the integers from 0 to n - 1. We label each q-cyclotomic coset by its 
numerically smallest element. We speak of cyclotomic cosets or cosets if q is 
unambiguous. 
One of the nice things about binary triadic codes is that we can construct 
their idempotents using cyclotomic cosets. This is also true, but not as easy, 
for all fields of characteristic 2. 
FACT 7. Zf F = GF(q), p is a prime, and M is a minimal ideal in 
F[ xl/(x” - l), then dim(M) is the size of some q-cyclotomic coset. Further- 
more, there is a 1_1,, 0 < u c p, which cyclically permutes all of the minimal 
ideals not equal to ((l/n)h). 
We finish this section with the surmising new theorem on the dimensions 
of cyclic codes. Observe that this result is not true in general for arbitrary 
codes, i.e. subspaces of V. 
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THEOREM 1. Let C,, . . . , C,,, be cyclic codes in a space V. Then 
dim(C,+ ..a +C,)= tdim(C,)- Cdim(CinCj) 
i-l i<j 
+ ,c~<kdim(cincjnck) 
. 
- ... +( -l)“+‘dim(C,n 0.1 nC,>. 
Proof. Suppose that M,, . . . , M,_ I are the minimal ideals of V. By Fact 
2, any cyclic code in V is a unique sum of some of these minimal ideals. For a 
cyclic code C, let M(C) denote the set of indices appearing in this represen - 
tation, i.e. 
c= @ Mi. 
i EM(C) 
If A is any subset of the indices 0,. . . , r - 1, let IAl = Ci E A dim( Mi). Then 
Furthermore, if D is any other cyclic code of V, then from the uniqueness of 
the representation as a sum of minimal ideals, 
M(CfTD)=M(C)nM(D) and M(C+D)=M(C)UM(D). 
Thus 
dim(C,+ *.* +C,)= 
= 
(M(C,+ .-a t-c,,,)] 
= E IM(ci)I- C IM(G)nM(Cj)I+ **. i-l i<j 
= f dim(Ci)- C dh(CinCj)+ .... n 
i-l iij 
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III. DUADIC CODES 
In the remainder of the paper, ah codes will be cyclic. Furthermore, the 
length of a code will always be relatively prime to the characteristic of the 
field. 
Let Ci = (et) for i = 1,2 be even-like codes. We call them even-Zike 
duudic codes if the following two conditions hold: 
(1) There is a coordinate permutation pb such that pb(C1) = Cs and 
Pb(C2) = C,* 
(2) The idempotents satisfy e, +e, = 1 - (l/n)h. 
If the Cj are even-like duadic codes, then Gil = (1 - ei) are odd-like duadic 
codes. 
LEMMA 1. lf C, and C, are even-like codes, then they satisfy condition 
(2) above iff 
C,+C,=E and C,nC,=O. 
Proof. If e,+e,= 1 - (l/n)h and each e, is even-like, then eiea = 0. 
That is, C, n Cs = 0. Hence the idempotent of C, + Cs is e, + e2 = 1 - (l/n)h, 
which shows that C, + Cs = E. The proof of the converse is similar. m 
Let 9 be a prime power, n = p be an odd prime, and r be the number of 
nonzero q-cyclotomic cosets for p. Then besides ((l/p)h), R has r minimal 
ideals M,,..., M,_, of the same dimension and we can find a II, such that 
#%(MI) = %+i, where i + 1 is computed mod r (by Fact 7). 
Suppose that r is even, and consider a 2 X T O-1 matrix whose columns 
are labeled 0, 1, . . . , r - 1. Let a row of this matrix represent the ideal which is 
the sum of the minimal ideals Mj where the row has a 1 in column i. By 
Lemma 1 and condition (l), we can represent a pair of even-like duadic codes 
by such a matrix with the following properties: 
(1) Each row has r/2 ones. 
(2) The second row is obtained from the first row by a cyclic shift of t 
places for some t I r/2, and the first row is obtained from the second row by 
the same cyclic shift. 
(3) Each column has exactly one 1 in it. 
We call this matrix the Ddiagram of the duadic codes. We say that two 
D-diagrams are equivalent if one can be obtained from the other by 
cyclicahy permuting columns and possibly interchanging rows. From the 
D-diagram we see that the equivalence between the codes is given by p”,t. 
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LEMMA 2. riseveniflqisasquaremodp. 
Proof If q is a square mod p, then both the quadratic residues and 
nonresidues are unions of q-cyclotomic cosets, so that r must be even. 
Suppose that r is even, and let G denote the cyclic group of nonzero 
elements in GF( p). Let H denote the subgroup generated by q. Then r is the 
index of H in G. As G is cyclic, any subgroup of even index is contained in 
the subgroup of quadratic residues. a 
THEOREMS. Duudic codes of prime length p over GF( q) exist iff q is a 
square mod p. The number of inequivalent duadic codes depends only on r. 
Proof. By Lemma 2, q is a square mod p iff r is even. By Lemma 1, 
duadic codes exist iff a D-diagram exists, and this is so iff r is even. 
From Fact 6, any two duadic codes are equivalent iff they are equivalent 
by some pU. Hence, two duadic codes are equivalent iff their D-diagrams are 
equivalent. The final statement of the theorem follows because the number of 
inequivalent D-diagrams depends only on r. n 
For example, if p = 31 and q = 2, then r = 6. Here are the two possible 
D-diagrams: 
012345 
( 111000 000111 1 
represents six duadic codes, in three pairs, which are all equivalent (these are 
all Reed-Muller codes), and 
012345 
( 101010 010101 1 
represents one pair of equivalent duadic codes (these are the quadratic-re- 
sidue codes). We have the same situation if p = 223, q = 2, or p = 43, q = 4, 
or p = 7, q = 23, and so forth, so long as r = 6. 
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IV. THE DEFINITION OF TRIADIC CODES 
Let Cj = (e,) for i = 1,2,3 be even-like codes. We call them even-like 
triadic codes if the following two conditions are satisfied: 
(1) There is a coordinate permutation p b such that 
(2) The idempotents satisfy 
e,+e,+e, - 2e,e,e, = l- lh. 
n 
We say that they are non-trivial triadic codes if the three Ci are distinct. Note 
that all trivial triadic codes equal (1 - (l/n)h). Unless otherwise stated, all 
triadic codes will be nontrivial triadic codes. 
If Ci = (ei) for i = 1,2,3 are even-like triadic codes, we call Cl = (1 - ei> 
= (f i) odd-like triadic codes. Note that they are also equivalent by the same 
p,. In particular, triadic codes in a triple must each have the same dimension. 
THEOREM 3. Let Ci = (e,) fm i = 1,2,3 be even-like triadic codes. Then 
and 
C, n C, = C, n C, = C, n C, = C, n C, n C, 
C,+C,+C,=E. 
Let Ci, = (fi) for i = 1,2,3 be odd-like triadic codes. Then 
and 
The codes Ci’ are odd-like triadic codes, and the codes (C,‘) L are even-like 
triadic codes. Zf p_,(e,) = ei, then Cl = CiL. 
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Proof. By the definition of triadic codes, 
1 
e,+e,+e,-2e,eses=l--h, 
fr 
and since the idempotents are even-like, (l/n)he, = 0 (Fact 4). Hence 
eiea +e,e, = e1e2 +eae, = eies +e,e,, 
so that eies = eaes = ese,. As (eiej) = Ci n Cj (Fact l), C, I? Cs = C, n Cs = 
C, n C,, and so each must equal C, n C, n C,. From this it is easy to show, 
using Fact 1, that the idempotent of C, + C, + C, is 1 - (l/n)h, and hence 
this code is E. 
If we take fi to be 1 - ei, then, again by Fact 1, we know that the 
idempotent of Ci’ + C,! is 1 - eiej, and the idempotent of C/ n C,l n C,l is 
(l/n)h. 
The final statements of the theorem follow easily from the definition of fi 
and Fact 5. a 
THEOREM 4. Let Ci for i = 1,2,3 be even-like triadic codes of length n, 
and let k=dim(C,) and Z=dim(CinCj) for i# j and i, j=l,2,3. Then 
n - 1= 3k - 21. 
Let Cl for i = 1,2,3 be odd-like trkdic codes, and let k’= dim(Cl) and 
I’= dim(Cl n C;) for i # j and i, j = 1,2,3. Then k’= 21’- 1. 
ZfCi=(ei) andC’=(l-e,), thenk’=n-k. 
Proof. By Theorem 1, 
dim(C,+C,+C,)= i dim(Ci)- C dim(CinCj)+dim(C,nC,nC,). 
i-l i+j 
ByTheorem3, n-Z=3k-31+1=3k-21. 
By definition, Cl = (1 - ei) for i = 1,2,3 are odd-like triadic codes 
whenever Ci = (e,) are even-like triadic codes. Since Ci 6~ Cl = V, k’ = n - k. 
Let II/ = (1 -n_,(e,)). As the 0: are equivalent to the Ci, by p-r, 
I’= dim(D,’ n 0;) for i # j where i, j = 1,2,3. By Fact 5, 0; = CiL, and so 
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From this equation and the first two equations of the theorem, we can derive 
k’=21’-1. n 
LEMMA 3. lf C, for i = 1,2,3 are even-like codes, then they satisfy 
condition (2) of the definition of triadic codes iff 
C,+C,+C,=E and C,nC,=C,nC,=C,flC,. 
Proof. One direction was proved in Theorem 3. The converse is a 
straightforward calculation using the relevant idempotents and is analogous 
to Lemma 1. n 
We finish this section with a cube-root bound on the minimum odd-like 
weight of a triadic code. Note that if the extended code has a transitive 
automorphism group, then the minimum odd-like weight is the minimum 
weight. 
THEOREM 5. If d, is the smallest weight of an odd-like vector in an 
odd-like triadic code of length n, then dt >, n. 
Proof. This follows from Theorem 3, as the intersection of the three 
odd-like triadic codes in a triple is ((l/n)h). n 
V. TRIADIC CODES OF PRIME LENGTHS 
We now specialize to triadic codes of prime lengths and show that 
even-like triadic codes exist for those dimensions satisfying the equations of 
Theorem 4. This would also show the existence of odd-like triadic codes for 
those dimensions satisfying the equations of Theorem 4. 
Let q be a prime power, p be an odd prime, and r be the number of 
non-zero q-cyclotomic cosets for p. Then R has r minimal ideals Ma,. . . , M,_ 1 
of the same dimension, and we can find a EL, so that p,( Mi) = Mi+ 1, where 
i + 1 is computed mod r. Our discussion mimics the duadic case of Section 
III. 
Suppose that 3 divides r, and consider a 3 X r (Fl matrix whose columns 
are labeled 0 1 , ,...I T - 1. Let a row of this matrix represent the ideal which is 
the sum of those minimal ideals M, where the row has a 1 in column i. By 
Lemma 3, we can represent even-like triadic codes C,, C,, C, by the rows of 
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such a matrix with the following properties: 
(1) The ith row is obtained from the (i - 1)st row by a cyclic shift of t 
places for some t I r/3, where the rows are indexed by i = 0,1,2 and the 
index arithmetic is done modulo 3. 
(2) The columns where two rows agree are the same for each pair of 
rows. 
(3) Each column has at least one 1 in it. 
We call this matrix the T-diagram of the triadic codes. We say that two 
T-diagrams are equivalent if one can be obtained from the other by a cyclic 
permutation of the columns possibly followed by a cyclic permutation of the 
rows. From the T-diagram, we see that the equivalence between the codes is 
given by pUr. 
In this paper, we speak of cubic residues for a prime p only in the case 
when31p-1. 
LEMMA 4. 3 I T iff q is a cubic residue mod p. 
Proof. If q is a cubic residue mod p, then the cubic residues are a union 
of qcyclotomic cosets, so that 3 I r. 
Suppose that 3 I r, and let G be the cyclic group of nonzero elements in 
GF(p). Let H denote the subgroup generated by q. Then r is the index of H 
in G. As G is cyclic, any subgroup of index divisible by 3 is contained in the 
subgroup of cubic residues. n 
THEOREM 6. Triadic codes of prime length p over GF( q) exist ifs q is a 
cubic residue mod p. 
Proof. By Lemma 4, q is a cubic residue mod p iff r is divisible by 3. By 
Lemma 3, triadic codes exist iff a T-diagram exists, and such a diagram is 
easy to construct when 3 I r. For example, use the diagram 
0 . . . jr - 1 fr . . . $r - 1 $ . . . r-l 
i 0  1 . . . 0 1 0 1 .*I 0-e .. 0 1 0  1 **e 0.. . * 0  1 
i 
. n 
COROLLARY 1. Binury triudic codes of prime length p exist iff p = x2 + 
27y2 for some integral x and y. 
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Proof. This is so because 2 is a cubic residue mod p iff p = x 2 + 27y 2 
for some integral x and y. n 
THEOREM 7. Let p be an odd prime such that 9 is a cubic residue 
mod p. Let r be the number of nonzero q-cyclotornic cosets, and s be the size 
of each. Then there exist triadic codes of any dimension k = k,s, where 
k,>O, whenever there exists an integer 12 0 with 1~ k and p - 1 = 3k - 21. 
The number of inequivalent triadic cod-es of any dimension k is corn- 
pletely determined by r and does not depend on the fie2d or length. 
Proof. Let k = k,s be such that there is an 1> 0 with 1~ k and 
p - 1= 3k - 21. Since p - 1 = TS, we have 1 = 1,s where 3 I 1,. We must 
construct triadic codes for each such 1, where 0 G 1, < r. 
The proof of Theorem 6 gives the existence of triadic codes for 1, = 0; the 
argument is equally simple for other 1,. When 1, = 3, we have the Tdiagram 
0 1.*.$-l ir . . . 2 3r -1 ;r . . . r-1 
i 1 o***o 0 .-o l l 1 0 1 . . . 0 1 1 o*..o 1.m.l 
I 
. 
And in general we have the T-diagram 
l 
1 . ..l l...l l...l O...O l...l O...O 
1 . ..l O...O l...l l...l l...l O...O, 
1 . ..l O...O l...l O...O l...l l...l I 
where the first, third, and fifth blocks have width 1,/3 and the remaining 
blocks have width i( r - ll). 
From Fact 6, any two triadic codes are equivalent iff they are equivalent 
by some pt (Fact 6). Hence two triadic codes are equivalent iff their 
T-diagrams are equivalent. The last statement of the theorem follows because 
the number of inequivalent T-diagrams depends only on r and not on the 
length or field. n 
COROLLARY 2. With the notation of Theorm 7, there exist even-like 
triadic codes of r/3 distinct dimensions 
k = ;(r +21,), where 311, and O,<l,<r. 
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There are odd-like triadic codes of r/3 distinct dimensions 
k’=$(r-l,)+l, where 311, and O,<Z,<r. 
COROLLARY 3. lf Ci’ and C/, i f j, are odd-like triadic codes of the 
smallest dimension, then Cl n C; = ((l/n)h) + M, where M is a minimal 
ideal. 
Proof. Notice that dim(C,’ n C;) = I’= (k’+ 1)/2 = s + 1. n 
Observe that if 4 has characteristic 2, then we can often compute the 
idempotents of all triadic codes and so we can find the primitive idempo- 
tents. 
If triadic codes over GF(q) of odd prime length p exist and there are r 
nonzero q-cyclotomic classes, then we say that these codes have type A, 
where A is the Roman numeral for r/3. For each r there is a set of 
inequivalent T-diagrams, and each code of type A can be described by one of 
these. In Table 1, (Section VI) we give some information for types I-IV, 
including the number of inequivalent triples of triadic codes of each possible 
dimension. 
REMARK 1. If there exist triadic codes of type A over GF(q), then these 
codes are also triadic codes over GF( 4’). The new type B satisfies A I B. 
We give some examples of triadic codes of prime length p over fields of 
characteristic 2, as we can easily determine their idempotents in this situa- 
tion. We clearly need odd primes p with 3 I p - 1. For any such prime there 
are triadic codes over some GF(2m), as GF(8) always works [and so will 
GF(23f), by Remark 11. Table 2 in Section VI lists such primes less than 200 
and gives some information about triadic codes over GF(2), GF(4), and 
GF(8). 
The T-diagram for a type-1 triadic code is equivalent to the following: 
0 1 2 
l 0 1 0 10. 0 1i 
There is one triple of three equivalent triadic codes, and necessarily 2 = 0. 
The smallest p (see Table 2) for which there is a binary triadic code of type I 
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is p = 43. The coset Ci2) is the set of cubic residues mod 43, and we can take 
pLu = ~1~. Since the components of an idempotent are the same on a cyclo- 
tomic coset, we can represent these diagrammatically: 
0 1 3 7 
e,=O 1 0 0 
e2 = 0 0 1 0 
e3 = 0 0 0 1 
The top row has coset labels. 
Any type-1 binary code has its idempotent of this form, i.e. ei = Ci E sxi, 
where S is a multiplicative coset of the set of cubic residues. By Theorem 3 
and the fact that - 1 is always a cubic residue, we see that the odd-like 
triadic codes are the duals of the even-like triadic codes. By Remark 1, if p is 
a prime for which type-1 codes exist for both GF(2) and GF@), for example 
p = 43 or 157, then the binary idempotents are also the idempotents over 
GF(8). 
As a non-characteristic-2 example, consider the case when p = 7 and 
9 = 13. A simple calculation shows that there exist type-1 triadic codes. The 
following is one idempotent from the triple; the other two can be obtained by 
applying CL~ and ELM: 
e,=4+x+3r2+7~3+7;r4+3~5+~6. 
Notice that this idempotent is invariant under P_~, so that the even-like and 
odd-like triadic codes are duals of each other (Theorem 3). 
Next consider type-II codes. By Theorem 7, the number of inequivalent 
triadic codes is the number of inequivalent T-diagrams. When 2 = 0, there are 
- the following two diagrams: 
012345 
110000 
001100 
000011 
and 
012345 
i 
100100 
010010. 
001001 1 
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There are six equivalent triadic codes with the first diagram in two triples, 
and one triple of three triadic codes for the second diagram. 
When I= 3s, we have the following diagram: 
012345 
There are six equivalent triadic codes in two triples. The intersections are 
duadic codes. 
REMARK 2. If p - 1 = rs where 6 I r, then triadic codes with I = (r/2)8 
have intersections which are, in fact, duadic codes. 
The smallest prime for which there is a binary triadic code of type II is 
p = 31. By the above discussion, two triples of even-like triadic codes of 
dimension 10 are equivalent, and there is another inequivalent triple of 
dimension 10. There are also two equivalent triples of dimension 20. From 
the definition of triadic codes it is easy enough to compute the idempotents 
of these even-like triadic codes. What is not clear is which triple of idempo- 
tents has dimension 20. This was determined by computer. We give an 
idempotent for each code in an equivalence class; the others are obtained by 
applying P3: 
0 1 3 5 15 7 11 
0 1 1 1 0 1 0 2 triples of dim. 10 
0100 10 0 1 triple of dim. 10 
0110000 2 triples of dim. 20 
It can be seen from the Tdiagram of the dimension-20 triadic codes and 
the D-diagrams of the dimension-15 codes that one quadratic-residue code is 
in each dimension-20 triadic code in one triple and the other quadratic- 
residue code is in each dimension-20 triadic code in the other triple. Also, 
each of the six Reed-MuUer codes is in each of these six triadic codes. The 
weight distributions of these codes are in Table 3 below. 
At length 43 there are triadic codes for GF(2), GF(4), and GF(8). These 
are of type I for both the binary and GF(8) case, but of type II for the GF(4) 
case. By Remark 1, the binary idempotent given by the cubic residues 
generates an even-like triadic code of dimension 14 over all three fields. 
There are two additional idempotents (up to equivalence) over GF(4). If we 
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let w generate GF(4), these idempotents are as follows: 
0 1 2 3 6 7 14 
0 1 1 0 o2 6J w2 2 triples of dim. 14 
0 0 0 6J ws w2 w 1 triple of dim. 28 
We finish this section with triadic codes of length 7 over GF(8). Since 
there are six &yclotomic cosets, the above diagrams for type II still hold. We 
have two inequivalent T-diagrams for even-like triadic codes of dimension 2 
and one Tdiagram for such codes of dimension 4. 
TABLE 1 
NUMBERS OF lNEQUIVAI5NT TRIPLES OF TRIADIC CODES’ 
Type k 1 k’ I’ N 
I 0 2s+l s+l 1 
II 2: 0 4sfl 2s+l 2 
4s 3s 2s+l stl 1 
III 3s 0 6s+l 3s+l 3 
5s 3s 4s+l 2s+l 3 
7s 6s 2s+l s+l 1 
IV 4s 0 8s+l 4s+l 8 
6s 3s 6s+l 3s+l 9 
8s 6s 4s+l 2s +1 5 
10s 9s 2sCl s+l 1 
V 5s 0 lost1 Ss+l 17 
7s 3s 8s+l 4s+1 27 
9s 6s 6s+l 3s+l 18 
11s 9s 4s+l 2s+1 6 
13s 12s 2s+1 s-e1 1 
VI 6s 0 12s+l 6s+l 42 
8s 3s lOs+l 5s+l 81 
10s 6s 8s+l 4s+l 69 
12s 9s 6s+l 3s+l 30 
14s 12s 4s+l 2stl 8 
16s 15s 2s+l s+l 1 
“The roman numeral for the type, multiplied by 3, gives the number of 
q-cyclotomic cosets for the prime length p. The size of such a coset is s. 
The dimension of an even-like (odd-like) triadic code is k (k’). The 
dimension of the intersection of two even-like (odd-like) triadic codes in 
one triple is 1 (f’). When the type A is even and I = (A/2)3s, the 
resulting intersections are duadic codes. Finally, N is the number of 
inequivalent T-diagrams for a given type and k, and so is also the 
number of inequivalent classes of triadic codes. 
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AU of these even-like codes are MDS, as are the odd-like ones of 
dimensions 3 and 5. They all can be shown to be equivalent to Reed-Solomon 
codes. We give a generating idempotent for one code for each diagram; the 
other two idempotents can be found by applying p 2 and p 4- Let fl E GF(8) 
satisfy p + p2 + /3” = 1 and /? # 1. Then the two idempotents for the dimen- 
sion-2 codes are 
e = fi2x + p4x2 + /%x3 +fix4 + fi4x5 + P2xe 
and 
TABLE 2 
PRIME LENGTHS p < 200 WHERE TRIADIC CODES CAN EXISTa 
GF(2) GF(4) GF(8) Dimensions 
P t type type type GF(2) GF(4) GF(8) 
7 3 
13 12 
19 18 
31 5 
37 36 
43 14 
61 60 
67 66 
73 9 
79 39 
97 48 
103 51 
109 36 
127 7 
139 138 
151 15 
157 52 
163 162 
181 180 
- - II 
- - I 
- - I 
II II II IO,20 
- - I 
I II I 14 
- - I 
- - I 
- - VIII 
- - II 
- - II 
- - II 
I II III 36 
VI VI VI 
- - I 
- - X 
I II I 52 
- - I 
- - I 
234 
4 
6 
10,20 10,20 
12 
14,28 14 
20 
22 
24,30,...,66 
26,52 
32,64 
34,68 
36,72 36,60,84 
42,56,70, 
84,98,112 
46 
10,20,...,140 
52,104 52 
54 
60 
“Here t is the order of 2 (mod p). The sizes of the cosets, i.e. s, equal t for 
GF(2), t/gcd( t,4) for GF(4), and t/gcd( t,8) for GF(8). The dimension 
columns are calculated using this and Table 1, and represent the dimensions 
of the even-like triadic codes. 
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The idempotent for the dimension4 code is 
err= /lx + p2x2 + /3x” + /14x4 + /14x5 + p2x6, 
We note that these codes are also MDS codes: 
(l+e>, 
(1 fe”), 
(l+e)*, (e+h), (e+h)*, 
(1 +e”)*, (e” + h), (e” + h)*. 
VI. TABLES 
We now discuss Tables 1, 2, and 3, which give information about triadic 
codes. The first two tables concern triadic codes of prime length p. Table 1 
gives the number of inequivalent triples of triadic codes of each possible 
dimension for types I-VI. Table 2 gives the primes less than 200 for which 
triadic codes can exist and their types for GF(2), GF(4), and GF(8). Table 3 
gives the weight distributions for some binary triadic codes. Since equivalent 
TABLE 3 
NUMBER OF WORDS OF GIVEN WEIGHT IN EACH OF FOUR EVEN-LIKE BINARY TRIADIC CODES 
Weight a (31,lO)b (31, lo)c (3Cwd (43,14)” 
6 0 0 806 0 
8 0 0 7905 0 
10 0 31 41602 0 
12 310 155 142600 0 
14 0 310 251100 344 
16 527 217 301971 1204 
18 0 155 195300 2107 
20 186 155 85560 3311 
22 0 0 18910 3999 
24 0 0 2635 3311 
26 0 0 186 1505 
28 0 0 0 301 
30 0 0 0 301 
- 
“Unlisted weights have a value of 0 for each of the codes, or 1 if the weight is 0. 
b Idempotent: Xi E ,-I ~x’+~i,~j2~~~+tci~c~2~~~+ci~~~~~x~. ) 
‘Idempotent: Z,iE,-f)~i +ZjEc~~~i. 
dIdempotent: Xi E PDF +CiE q~r’. 
“Idempotent: Xi E px’. 
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codes have the same weight distribution, only one code from an equivalence 
class is given. Furthermore, by Theorem 3, odd-like triadic codes are the 
duals of even-like triadic codes, and since the weight distribution of a code 
determines the weight distribution of its dual, only even-like triadic codes are 
listed. 
The concept of triadic codes arose first in discussions with Chris Heegard. 
Some of the calculations were perjkmd on CAMAC at the University of 
Illinois at Chicago Computer Center [l]. 
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